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Preface 
Conformal mapping has been a familiar tool of science and engineering for generations. The 
practical limitation has always been that only for certain special domains are exact conformal 
maps known, while for the rest, they must be computed numerically. As in many other areas of 
numerical analysis, it is easy to devise crude methods for such computations, but much harder to 
find methods that are at once fast, accurate, and reliable. This is the goal of numerical conformal 
mapping. 
It is possible that the last collection of papers on this topic to be published as a book appeared 
in 1955! [8] Not surprisingly, the field has changed considerably since then. Aside from the 
development of extraordinarily fast computers, the biggest changes have been brought about by 
the invention of the Fast Fourier Transform. The past decade has been one of particularly high 
activity, thanks especially to the influence of Dieter Gaier in Germany and Peter Henrici in 
Switzerland. The time is ripe for a new survey of the state of the art. 
The fifteen papers presented here-fourteen new pieces, and a translation from German of the 
original 1978 paper on ‘Wegmann’s method’ [9]-offer a broad view of numerical conformal 
mapping in 1985. Several of them present new methods, faster than any perviously known, for 
the basic problem of conformally mapping a smooth, simply connected domain. Others treat 
important variations of this problem: multiply connected domains; corners and singularities; 
‘crowding’ of points along the boundary; maps onto polygons; and applications. The reader will 
find both survey material, most notably in the major article by Gutknecht, and a wealth of 
practical details and examples- see ‘domain’ in the index for an indication. Perhaps the best 
advice to anyone looking for a thorough introduction to numerical conformal mapping is to 
acquire this collection together with the new Volume III of Henrici’s Applied and Computational 
Complex Analysis [4], which surveys the field lucidly. One should also be aware of the classic 
monograph by Gaier [l], which remains the best reference on several topics despite having been 
written in the era pre-FFT. On applications of conformal mapping to grid generation in scientific 
computing, a good source is Thompson’s Numerical Grid Generation [7]. 
The Elsevier Science Publishers B.V. (North-Holland) has generously agreed to print this 
collection simultaneously as a special (double) issue of the Journal of Computational and Applied 
Mathematics and as a book. I would like to express my appreciation to them, and also to several 
others who share credit for the appearance of this volume. Luc Wuytack of the University of 
Antwerp first proposed the idea of a special issue of JCAM, and has worked with me throughout 
to make it a reality. Peter Henrici and Martin Gutknecht of the ETH in Zurich, my mentors in 
this field, have assisted in many ways. Tom DeLillo of the Courant Institute first had the idea 
that the special issue should also appear as a book. Springer-Verlag, Inc. gave permission for the 
translation of Wegmann’s paper, which appeared originally in the journal Numerische Mathema- 
tik. Arjen Sevenster and Marinus Witteveen handled the editorial work at North-Holland. 
Finally, the twenty authors of these papers themselves, besides contributing manuscripts, in many 
cases also served as anonymous referees, providing numerous suggestions that materially im- 
proved their colleagues’ presentations. Thank you all! 
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The methods of numerical conformal mapping-and the papers in this collection-divide 
broadly into those which construct the map from a standard domain such as the unit disk onto 
the ‘problem domain’, and those which construct the map in the reverse direction. Although 
there are alternative approaches, the most commonly used methods are derived from integral 
equations involving the ‘boundary correspondence function’ that relates the two boundaries 
pointwise. Typically the boundaries are discretized at n points, so that the integral equation 
reduces to an algebraic system. In mapping from the standard domain to the problem domain, 
the integral equation is nonlinear and involves the conjugation operator, which can be imple- 
mented on the discrete mesh in 0( n log n) operations by means of the FFT. The traditional 
‘standard’ methods of this type are based on Theodorsen’s integral equation [1,3,6] or a related 
equation, which is solved by a fixed-point iteration whose convergence is linear but often quite 
rapid. The more recent methods are of Newton type and converge quadratically, at least if the 
boundary is sufficiently smooth and a good initial guess is available. The total work is 
0( n log n). In mapping from the problem domain to the standard domain, on the other hand, 
the integral equations are generally linear, derived often from Dirichlet problems, but seem to 
require O(n2 log n) operations to be solved. However, for many geometries one can get away 
with a smaller value of n in this direction. The ‘standard’ methods of this type are perhaps those 
based on Symm’s equation [2,5], a singular linear integral equation of the first kind derived from 
a representation of the conformal map in terms of a single-layer potential. 
The first four papers in this collection all deal with quadratically convergent methods based on 
nonlinear integral equations for computing conformal maps in the direction from standard 
domain to problem domain. These are the authors: 
(1) Rudolf Wegmann (translation of 1978 paper), 
(2) Otto Hiibner, 
(3) Martin Gutknecht, 
(4) Rudolf Wegmann. 
Paper 1, Wegmann’s article of 1978, is the first paper in which a quadratically convergent 
0( n log n) algorithm for conformal mapping was presented [9]. There are two key ideas here: a 
primary iteration based on extrapolating along lines tangent to the boundary curve of the 
problem domain, and the computation at each iterative step by means of a formulation as a 
Riemann-Hilbert problem on the unit disk. The efficiency of the method is due to the fact that 
the solution of this Riemann-Hilbert problem can be written in closed form in terms of Cauchy 
integrals. Perhaps partly because it appeared originally in German, this paper lay largely 
unappreciated for several years after its publication. It is hoped that its republication here in 
English will now ensure for it the attention it deserves. 
In the second paper, Htibner shows that Newton’s method applied to the Theodorsen equation 
also leads to a Riemann-Hilbert problem on the disk. By a suitable application of Cauchy 
integrals, he is therefore able to obtain another quadratically convergent 0( n log n) conformal 
mapping method. By contrast, the solution methods for Theodorsen’s equation used in the past 
have converged only linearly. Wegmann’s and Hiibner’s algorithms appear to be roughly 
comparable in speed; it is too early to predict which will ultimately prove better. 
Paper 3, by Gutknecht, is an extensive survey of almost all known methods for mapping the 
unit disk onto a smooth region, including those of Timman, Theodorsen, Friberg, Wegmann, 
Fomberg, Menikoff and Zemach, Hiibner, and others. Gutknecht describes the general ideas 
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which connect these various methods, making it clear how the conjugation operator, 
Riemann-Hilbert problems, and the Fast Fourier Transform play natural roles in conformal 
mapping in this direction. No other so thorough survey of these methods has been available until 
now, and anyone who thinks he has invented a new integral equation for conformal mapping 
may ignore this article at his peril! 
Paper 4, again by Wegmann, describes a generalization of his algorithm to the conformal 
mapping of an annulus onto a doubly connected domain. The new method is also based on a 
Riemann-Hilbert problem, and again converges quadratically with work 0( n log n), as com- 
pared with linear convergence for the traditional ‘standard’ adaptations of Theodorsen’s equation 
by Garrick and others. Wegmann’s new method is almost certainly the fastest yet devised for this 
problem. 
The four papers following deal with methods based on linear integral equations for computing 
conformal maps in the other direction, from problem domain to standard domain. The authors 
are: 
(5) Jean-Paul Berrut, 
(6) Norberto Kerzman and Manfred Trummer, 
(7) Lothar Reichel, 
(8) Anita Mayo. 
In Paper 5, Berrut sets out in effect to solve Symm’s equation rapidly by a Fourier method. To 
do this, he first transforms the equation into a new integral equation of the second kind. He is 
then able to solve this equation numerically in 0( n2 log n) steps by means of the FFT, and the 
numerical results suggest hat the computational effort required in practice is unusually little. The 
n2 factor, as in many of these methods, comes ultimately from the need to represent he kernel of 
the integral equation as a function of its two arguments. 
Paper 6, by Kerzman and Trummer, proposes a new conformal mapping method based on the 
Szego kernel function. Originally, the Szegii kernel arose in connection with orthogonalization of 
monomials along the boundary curve of a domain, and its application to conformal mapping has 
been of theoretical more than computational interest. In the present paper, however, Kerzman 
and Trummer build upon earlier results by Kerzman and Stein to derive a new integral equation 
of the second kind whose solution is the Szegij kernel function, and they solve this equation 
numerically by Nystrom’s method. Although their solution as implemented here takes 0(n3) 
steps, the authors reference a forthcoming paper in which a conjugate gradient iteration reduces 
this figure to 0( n’). 
The seventh paper, by Reichel, proposes a variant of Symm’s equation that is suitable for 
mapping multiply as well as simply connected regions. Using a Fourier-Gale&in procedure and 
a judicious splitting of the resulting matrix equation, he obtains what appears to be an extremely 
fast 0( n2 log n) iterative solution. His computed examples involving a ‘sports ground’ and other 
eccentric regions reveal accuracy that would require much higher values of n in the other 
mapping direction. 
Mayo’s paper, Paper 8, also solves multiply-connected mapping problems, now by means of an 
integral equation of the second kind attributed to Mikhlin. Although her solution has an O( n3) 
operation count, the paper is mainly focused on a different issue: how can one efficiently obtain 
the conformal map at interior points once the boundary correspondence function has been 
found? For this she proposes an ingenious application of a fast Poisson solver on a rectangle 
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enclosing the problem domain, and very rapidly obtains map values everywhere on a grid interior 
to the domain. 
The next four papers are mainly concerned with maps from problem domain to standard 
domain, but with the emphasis hifted to alternative methods and to two recurring problems of a 
general nature in conformal mapping. The authors are: 
(9) Hans-Peter Hoidn, 
(10) Nicholas Papamichael, Michael Warby, and David Hough, 
(11) Michael Hartmann and Gerhard Opfer, 
(12) Charles Zemach. 
The two problems mentioned are a pair of issues, loosely connected, that are of tremendous 
importance in any practical conformal mapping problem. First, there is the ‘local’ issue of 
treatment of corners, or more generally of singularities in the mapping function near or on t_he 
boundary of one of the regions being mapped. In practice, most domains of scientific interest 
contain comers, and if standard conformal mapping methods are applied without taking them 
into account, the results are typically poor. 
Paper 9, by Hoidn, confronts the singularity problem by devising a reparametrization of the 
boundary curve based on the singular behavior of the conformal map at corners. Hoidn then 
applies a spline implementation of Symm’s equation in the reparametrized variable, and gets 
considerable speedup. 
In the tenth paper, Papamichael, et al. survey the problem of dealing with singularities on or 
near the boundary, both in integral equation methods and in expansion methods based on the 
Bergman kernel or on a Ritz approximation. Part of the practical problem is that given a smooth 
domain, its conformal map onto a standard domain is likely to have singularities near the 
boundary at unknown locations. Over the years, Papamichael and his colleagues have learned a 
great deal about how one can first estimate the locations and natures of such singularities, and 
then counteract hem by incorporating appropriate singular functions in the basis set in terms of 
which the conformal map is expanded. 
Paper 11, by Hartmann and Opfer, considers another approach to conformal mapping: the use 
of Chebyshev approximation, effected with the aid of linear programming. Here, too, the 
emphasis is on approximation in a basis chosen to match certain singularities effectively. 
The twelfth paper, by Zemach, deals with the second, ‘global’ issue in numerical conformal 
mapping: the phenomenon known as ‘crowding’. It is easy to show that if a long and narrow 
region such as a rectangle of width 1 and length L is mapped onto a circle, then the magnitude of 
the derivative of the conformal map, and also of its boundary correspondence function, will vary 
over the domain by factors exponential in L. As a result, the conformal mapping of even mildly 
distorted regions, such as an ellipse of aspect ratio 10 : 1, is sometimes exceedingly difficult. In an 
earlier paper with Menikoff, Zemach designed an integral equation to handle effectively certain 
problems with distorted geometries. The new paper applies that integral equation to derive a 
simple asymptotic formula which in many cases accurately estimates the degree of crowding that 
will occur. 
The final three papers are all related to a special topic in conformal mapping: the mapping of 
polygons and related regions by the Schwarz-Christoffel formula and its relatives. In these 
problems, the treatment of singularities has in a sense become the whole story, since the arcs 
between comers are trivial. The authors are: 
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(13) Roger Barnard and Kent Pearce, 
(14) Lloyd N. Trefethen and Ruth Williams, 
(15) Alan Elcrat and Lloyd N. Trefethen. 
In Paper 13, Barnard and Pearce consider the conformal mapping of ‘gearlike’ domains-re- 
gions bounded by concentric circular arcs and radial segments. Implicitly, such domains are 
handled by taking the logarithm, so that the circular arcs straighten out and a modified 
Schwarz-Christoffel formula can be applied. Barnard and Pearce first show how this procedure 
can be generalized so that the corners of the image domain are rounded. Then they present an 
interesting application to the ‘omitted area problem’ in univalent function theory: what is the 
maximum area that can be omitted by the conformal image of the unit disk under a univalent 
function normalized in the usual way? 
Paper 14, by Trefethen and Williams, describes a geometrically appealing application of 
conformal mapping. It is shown that if Laplace’s equation on a polygonal domain is posed 
subject to oblique derivative boundary conditions, then the solution can always be obtained by 
taking the real part of a conformal map of the given polygon onto another polygon. Such oblique 
derivative problems occur in the Hall effect in electronics and in the theory of Brownian motion. 
Besides proving general theorems, Trefethen and Williams show that the mapping procedure can 
be carried out in practice by means of the SCPACK Fortran package for Schwarz-Christoffel 
mapping. 
Finally, the fifteenth paper, by Elcrat and Trefethen, deals with an old problem in the theory 
of potential flow: the determination of the shape of the wake or cavity behind an obstacle in a 
moving two-dimensional fluid. According to a theory originated by Kirchhoff and Helmholtz, a 
reasonable idealization is to treat the wake or cavity as bounded by free streamlines on which the 
speed of flow is constant, and from this, it emerges that the problem can be reduced to the 
determination of a conformal map. In practice, however, no methods have been available in the 
past for determining this map in general, so that the Kirchhoff-Helmholtz prescription has been 
realized only for certain special examples. The new paper reformulates the conformal map as a 
modification of the usual Schwarz-Christoffel problem, and derives an efficient numerical 
procedure for high-precision calculation of these flows by means of an adaptation of SCPACK. 
In closing, I would like to make a few observations about the state of numerical conformal 
mapping in the mid 1980’s. As one considers the current situation, it is hard to escape the 
conclusion that this field is by no means mature. I see various signs of this. 
First, there is the rapid rate of change during the past few years in the best available 
algorithms. This is a clear indication that important developments still lie ahead. 
Second, there has been disappointingly little interaction as yet between numerical conformal 
mappers and practitioners of scientific computing. Although conformal mapping of general 
regions is sometimes used in engineering computations for grid generation and related domain 
simplifications, this is not routine, and the algorithms employed are often old ones, little 
influenced by the kinds of developments represented in this collection. 
Third, very little in the way of a general theory of numerical conformal mapping has yet 
emerged. When can the ‘crowding’ problem be avoided, and when is it inherent in the problem? 
What are the inherent practical differences between mapping in the direction from standard 
domain to problem domain and the reverse? When can conformal maps truly eliminate or reduce 
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singularities in solutions to differential equations, rather than merely disguise or transplant hem? 
What principles determine when conformal mapping is cost-effective for practical grid genera- 
tion? Though many facts are known, and some are presented in this book, general answers to 
questions like these are not yet available. 
Finally, there is at present very little software available for conformal mapping. The field has 
few codes that are circulated even on an informal basis, let alone a professionally distributed 
library of reliable ‘black boxes’. To be sure, the current methods are not settled enough yet for 
anyone to write the EISPACK or LINPACK of numerical conformal mapping. Still, that our 
thoughts should be bending more in that direction. I appeal to my colleagues to remember that in 
any field of numerical computation, technical papers are often less influential than computer 
programs! 
Despite these irregularities, or perhaps because of them, numerical conformal mapping is in an 
exciting stage of development. New and more powerful algorithms have appeared repeatedly in 
the last few years, and the future is bright. Even if computers had not advanced, we would be far 
beyond 1955 today in our capabilities, and this collection of papers describes many of the best 
ideas that have furthered this progress. 
Lloyd N. TREFETHEN 
Editor 
Cambridge, Massachusetts 
February, 1985 
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